(C(E)), where C(E) is the narrow class group of E and a(F ) = −1, 0, or 1 is determined by F ; r 4 (K 2 O E ) = a(E) + r 4 (C(F )), where C(F ) is the narrow class group of F and a(E) = −1, 0, or 1 is determined by E.
We directly use the Rédei matrices to get the values of a(F ) and a(E).
On the other hand, for some imaginary quadratic fields, we give their Tate kernels.
Rédei's criteria. Let F = Q(
√ d) be a quadratic field and D the discriminant of F . We shall denote the narrow class group of F by C (F ) and N F/Q (F * ) by N F . Then
L. Rédei [12] gave a criterion for r 4 (C(F )). Let D(F ) be the set of all squarefree positive integers q | D. Then D(F ) is an elementary Abelian 2-group with multiplication q 1 ·q 2 = q 1 q 2 /(q 1 , q 2 )
2 . For n ( = 0) ∈ Z, we denote by [n] the squarefree rational integer satisfying the relation n = [n]a Rédei also related a criterion for r 4 (C(F )) to the rank of a certain matrix with coefficients in Z/2Z. Suppose that a positive integer n is prime to D; we shall write a = D n if the Jacobi symbol 
t).

Then we have
is an isomorphism, and we have
3. Real quadratic fields. In the section, let F = Q( √ d) be a real quadratic field, and d > 2 a squarefree integer. J. Browkin and A. Schinzel [2] have given all elements of order 2 of 
In [10] , H. Qin has given conditions for K 2 O F to have elements of order 4. 
In what follows, we shall investigate the conditions (3.1) and (3.2) to set up the relation between the 4-rank of K 2 O F of the real quadratic field F = Q( √ d) and the 4-rank of the narrow class group C(E) of the imaginary
Similarly to D(F ), we define S 1 = S 1 , which is an elementary Abelian 2-group, and S 2 = (S 2 ∪ S 1 ) is the group generated by the set S 2 ∪ S 1 with multiplication
to be the group generated by the set S 1 ∪ S 1 and S 2 = (S 2 ∪ S 1 ) to be the group generated by the set S 2 ∪ S 1 with multiplication
Lemma 3.3. Notations as above.
2 , a → {−1, a}, is a surjective homomorphism of two groups, and
On the other hand, the map γ : dm −1 , which is contradictory. Similarly, we can prove that there is no even 2m
for every odd prime p | dm It is clear that S 1 is related to the group D(N E) of the quadratic field
, which is defined as in the second section, so we can get the following formula.
P r o o f. By Lemmas 3.3 and 3.4, it is sufficient to find the relation between r 2 (S 1 ) and r 4 (C(E)).
(
Also there is no even 2m ∈ S 1 by the quadratic reciprocity law (or
Suppose that d ≡ −1 mod 8 and there is an even 2m ∈ S 1 . Then
. Then 2 | D, where D is the discriminant of E, and D(N E)
In Theorem 3.1, in order to get the value of r 4 (K 2 O F ) clearly, we use the Rédei matrix to determine if S 2 , S 1 , S 2 are empty. 
, and the quadratic reciprocity law. Similarly to (1), we can get (3) . (4) It is clear. 
Imaginary quadratic field. For an imaginary quadratic field
J. Browkin and A. Schinzel [2] have given all elements of order 2 of 
Moreover there is a unique mγ j ( = 1) ∈ ∆ E . In [11] , H. Qin has given conditions for K 2 O E to have elements of order 4. , and T = (T ∪T ) is the group generated by the set T ∪T with multiplication
Note that, by [11] , there is a δ ( = 1, 2) ∈ T ∪ T such that δ ∈ ∆ E . Lemma 4.3. Notations as above. Let F = Q( √ d) be a real quadratic field. By genus theory, there is a unique q ( = 1) ∈ D(N F ) such that Q 2 = (q) and cl(Q) = 1 in the narrow class group C(F ). We call the q the dependent divisor of ambiguous ideals of F . Suppose r 4 (K 2 O E ) = 0. We set up a relation between the Tate kernel of K 2 O E and the dependent divisor of ambiguous ideals of F . 
